5

i FAE ULTAD DE REVISTA DE LA FACULTAD
1) | , DE INGENIERIA
== INGENIERIA

www.ingenieria.uda.cl

21(2007) 30-34

Recurrence Formulas for Fibonacci Sums

1
Adilson J. V. Brandao , Jodo L. Martins

1 Centro de Matematica, Computa  cdo e Cogni , cdo, Universidade Federal do ABC,
Brazil.adilson.brandao@ufabc.edu.br
2 Departamento de Matematica, Universidade Federal de Ouro Preto, Brazil.
jmartins@iceb.ufop.br

Resumen

En este articulo presentamos una nueva formula recurrente para una suma finita que involucra la
secuencia de Fibonacci. Ademas, indicamos un algoritmo para calcular la suma de una serie de
potencias relacionadas a las series de Fibonacci, sin el uso del teorema de diferenciacion término
por término.
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Abstract

In this paper we present a new formula for a recurring finite amount involving the Fibonacci
sequence. In addition, we indicated an algorithm to calculate the sum of a series of powers related
to the Fibonacci series, without the use of theorem differentiation term by term.

Keywords: Fibonacci sequence, Fibonacci series.
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1. Introduction

The Fibonacci sequence is one of the
most famous numerical sequences in
mathematics. It is defined in a recursive
way: the first two terms are given and the
following ones are defined as the sum of
the two preceding ones. Mathematically
speaking:

FO=0,F1 =1,Fr=Fr-1+Fr-2,r = 2.

The first terms are: 1, 1, 2, 3, 5, 8, 13,
21, ..

This sequence comes from the single
pair of rabbits’ progeny problem, which was
early proposed by Leonardo de Pisa
(Fibonacci) at the Liber Abacci of 1202. An
intriguing point is that this sequence
appears in many problems from
Mathematics as well as in Botanic,
Crystallography, Computer Science, etc

[1].

Consider the following finite sum
involving the Fibonacci sequence, where x
is a real number, m and n

=1 [1.1]

Many authors have been seeking to
establish a sum formula for [1.1] (see [2],
[3], [4],[5]). In this article we state a sum
formula for [1.1] that we believe may be
considered as a new result. Consider now
the power series associated to [1.1]:

Ex [1. 2]
r=1

It is not difficult to demonstrate
that the (1.2) converges for all m and
all X (—1/p, 1/9), in which
9=(1+J5)/2 is the golden ratio, a well-
known constant associated with
Fibonacci’s sequence [1].
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The question hereby interposed is
the following: within its convergence
interval, is there a formula for the sum
of the [1.2] series? An answer to this
question is obtained by invoking the
term-by-term differentiation theorem for
power series. Actually, such an equation is
obtained by using D = xd/dx operator m
times into the known identity

+0
r"Fx" =
| 1- x-x

If we define

S(x, /)= ) rEx

a recurrence formula can be obtained by
the following way:

X
1- x- x? [1.3]
HS(x, )= D[S(x,j- D], j= Lum.

15(x,0)=
[

Example 1.1 Using the (1.3) algorithm, we
can calculate the numeric series’ sum

A
S = r
Zl T [1.4]
In fact, if S(x,0)= x/(1- x- x*) then

S(x,1)= xS(x,0)= (x+ x’)/(1- x- x*)*. Hence,
taking x = 1/3 in S(x, 1), we get the sum
S = 6/5 for the (1.4) series.

Example 1.2 Try now to compute the
numeric series’ sum below by using the
same algorithm:
+o I"SOF
S = __r
Ly

The [1.3] algorithm’s problem is, for
each single step, higher computation cost in
order to differentiate a function. The
example 1.2 points out this difficulty. In
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this paper we obtain another recurrence
formula to calculate the sum of [1.2].

The article is henceforth
organized as follows: In the second
section we present our main result, a
recurrence formula for the [1.2] finite
sum and we show that it recovers some
results on finite summation formulas
involving the Fibonacci sequence. The
third section was intended to rigorously
proof our formula. In the fourth section
we state an algorithm to compute the
sum of [1.2] without the use of
derivatives. Finally, in the fifth section, we
give some comments about the results
and future possibilities.

2. Finite sums
Our main result in this section is the
theorem below:

2
Theorem 2.1. LetxD R, 1—X—x ? 0

be given. Then the following finite recorrence
formula holds

L 1 4 DmD ,+ L i
rzzlrF;x_l X- XZZIHZE lrzzlr Frx+
2 Omiet o M Ext Fx)
+l-x-legl Dzr g 1- x-x°
[2.1]

As consequence of theorem 2.1 we obtain

many closed formulas for finite sums
involving Fibonacci summation. In fact,
taking x = 1 in (2.1) we obtain the

following finite summation:

n

mDD i mDnl
"F =
2R gy

'WiE._ Zm E Ezlr"rlﬂ'l' nm

=1 (!
[2.2]

We believe that (2.2) is a new formula for
(1.1). From (2.2) we can derive closed for
some special cases of m. For instance,
taking m = 1 in (2.2) we obtain

1 DID i n » 1 Dan-l
ZrF Z Z’”“E'ZD.D rl’F+nF;7+2.
1Dl " =1 0=
[2.3]
It is well known (see [4]) that
2 F.=F,- [2.4]

Thus, from (2.3) and (2.4) we conclude
that

n

ZFFr ZFZF+nn+2

_F;,+2+ 1- F,

r=1

¥ 1+ nF:HZ

Therefore

n

Z rF = nF

nt?2

nF:1+3 2 [2'5]

r=1

which is the formula (1) that appears in
[2]. Now, taking m = 2 in (2.2) we can see
that

2

I

ZD Dnl

D 2-i 2-i
F - F+ ’F
E Zr XDD’” n

R

i=1

I:II:II:I

that is

ZrzF —22 rF - 2§1rF+n2F +Z F- ZF.
[2.6]

Thus, using (2.4) and (2.5) in (2.6), after
some algebraic manipulation, we obtain

Y FF = (0t 2 F,,- (20 3] F,,-
which is the formula [17] in [2]. In an
analogous way we can recover other

known identities taking different values for
m in [2.2]. Actually, the recurrence
formula [2.1] can produce a lot of
identities, simply choosing special values to
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X and m. For instance, the formula [2.1]
forx = —1is
n P m Dm[ i n P »
l mF_ - 1 - l m 1F+
L e
L R e R 7
El =1

Taking m = 1 in [2.7] we obtain

"-1’F,:"— "F + -ad-1)"'F

y (SR () 2 F-ni(-1)"F,
[2.8]

Since that (see [2])

n-1

Y () E=(-1)7F, -1 [2.9]

r=1
and using (2.9) in (2.8), we conclude that

Y (-1)rF =

r=1

El_l _ 1+ (_ l)n-l

(1)

Fo,-1-nf{-1)""

[2.10]
After some simplifications, (2.10) becomes

§ (-0 rF = (-1 (e 1) Fy 0

r=1

(-1 F, - 2. [2.11]

3. Proof of our main result

Before proving Theorem 2.1 we need to
state some auxiliary results:

Theorem 3.1. Let non-negative integers n

2 ¢

= k be given. Suppose that 1 — x — x
0. Then
k k1 _ ntl _ nt?2
Fx‘'+ F X"+ .+ Fx"= Pt Bex =B - B
1- x-x*
[3.1]

Proof. Consider the sum

S — Fka+ Fk+1Xk+l + Fk+2Xk+2+
Frsx*3+. 4+ F o x™' + Fox
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Multiplying (3.2) by -x and -x?> we obtain

'XS — 'Fk Xk+1 _ Fk+1+1 Xk+2 - Fk+2Xk+3 _

= Frn-2X"t = Foax" - Fpx™, [3.3]

_ 25 — 'Fk Xk+2 - Fk+1Xk+3 - ... - Fn—3 Xn—l _ Fn—
2 X" = Fpog X" - Fpx™*2, [3.4]
Summing [3.2], [3.3] and [3.4],

remembering the definition of Fibonacci
sequence and cancelling terms we have
S-xS-xS = Fx xK + Fk+1Xk+1 - Fx xk+io Fn

n+1 F Xn+1_ Fan+2. [35]

Using again the definition of Fibonacci
sequence we conclude that

S - XS - X°S = Fie X + Fie.1x**1

Xn +2

that is, (3.1) holds.

Theorem 3.2. Let x U R, 1 —x— x2 0
be given. Then the following identity holds

- Fn+1Xn+1’ Fn

4 m ro- 1 4 m m r r+
ne s e e )
] nm(EMxn+1+ anmz)
1- x- x*

[3.6]
Proof. Consider the sum
y r"Ex" = 1Fxt 2"Ex*+ 3"Ex+ 4 n"F X"
=1

It is easy to see that the sum above can
be rearranged in the following way

Zﬂ r"Fx" = (Fx+ sz2 + F3x3 +...
1

X + F”x")+
+ (2”’— 1)(sz2 tEX Lt an“) +
+ (3 - 2”')(F3x3 +ot an”) ot
#((n=1)"= (n=2)") (' )+

+(n"’-(n-l)m)(E1x").

By using the Lemma 3.1 we can write the
last sum as
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f 1 2 _ ntl _ nt2
Z F"EFx = FIX + F;)X E1+1x F:xx +
& 1-x-x°
(sz2+ Exs_ F;Mx"”' F;,sz)
"
+(27-1) - +ot
I-x-x
(annJr Erlxml_ Fn”xml_ szmz)
+ nm—(n—l)m
1- x- x* '
X=X

Therefore, the sum can be expressed by

zﬂ r"Ex’ = 1 1)”‘)(F'rxr+ Fr—lxm)'
DE, X" FaT m_ m m m m
D#%%H(z’”-l%b =27+ .+((n-1) -(n-2) )+(n

After canceling some terms we finally
obtain

n

d mn - 1 m _ _ m r rt _
erE'x-le(r (1" 1) )(F;x +F;71x 1

m n+l n+2
n"(F, 2" F )

>

1- x- x*
which is the desired result.

Proof of Theorem 2.1. By wusin
suitable change of variables we have

Ex'tF 1x’”)

m_ _1”’)Fr1‘+
r=1r (r ) ! xrl

1 ! o Xt
:l-x-xzz( - 1))F x-x2,z

raml e 2ot Im]
1 x- ¥ Z z1]:”]( 1 ]r’”’Frx'+1_j:_x Z z ]m]r”“Fx

= 8000 ]

m Dmﬂn 1

Z 2 " 'Fx

=1 1- lel

et

(r+ I)m -

Fy

- 1 3 DmD - ”1 § m-i r x2
el

The theorem follows by the result above
and the Lemma 3.2.

4. Power Series

In this section we state a result which
provides an algorithm to compute the
sum of [1.2] without the use of term-by-
term differentiation theorem. This

m il
, p-1X

algorithm is a consequence of the theorem
below:

Theorem 4.1. let x U (—1/¢p, 1/¢p) be
given. Then the following recurrence
formula holds

= 1 ’”DmD ,+1* m-i
erE,x-lx ZHH Zr Fx"+
X2 mDmDm i
+1-x-le[|z Zr Fax.

[4.1]

Proof. Considering the Theorem 2.1, it is
sufficient to take n.— -4oo in [2. 1] and
to remember that lim n"F x" = 0 " since the
series (1.2) converges for aII integer m and x

U(—1/p, 1/9).

By theorem 4.1, we can obtain the following
algorithm in order to provide the sum of
(1.2):

8(x,0)=

. 1 j]ﬂ it1 .o X2 J
S(x,j): -1 8, j- i)t
( J) 1' X- xzzl%i %( ) ( j ) 1' X- lezl

ifjl
70080, - 0),
0i

e = e e ]

This algorithm can be implemented in an
efficient way, instead of the expensive
process using the standar derivative
operator. It answers, for instance, the
question proposed in the example 1.2:

+o 50
S:Z £, = 6.526 x 107,
3"

n=1

5. Final Remarks

In this article we state a new recurrence
formula for a finite sum related to
Fibonacci sequence. This formula recovers
a lot of identities for Fibonacci sums.
Besides this, it implies an algorithm to
compute the sum of Fibonacci power series
without the use of derivatives. The scheme
used to obtain this results can be extended
to others series. The ideas presented
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here are part of a larger investigation
which has been developed concerning the
series

+o
Z r'x'a,.

r=1

[5.1]

in which {ar } is an arbitrary sequence. In
this article {ar } is the Fibonacci sequence.
Nevertheless, we can extend our results for
other sequence types (see [6], [7]). For
example, if we take ar = 1, (5.1) turns into
the generalized geometric series

2, [5.2]
r=1
which converges for all x U (—1, 1). Using
the same ideas developed in the last
section, we can find out a recurrence
formula for such a series:
+0 1 m DmD +0

z r"x" = T ). Hi %(- l)mz Py

r=1 r=1

There are other subjects still under
investigation by which we search to extend

the results hereby presented for other
sequences such as, Lucas’, Generalized
Fibonacci’s, Generalized Lucas’, Pell’s,

Tribonacci’s sequences, etc. It should be
observed that in [8], the author studied
a series related to (1.2), covering Lucas’
and Fibonacci’'s generalized sequences.
However, their results are only valid for a
positive rational x. Besides, the employed
technique is quite different from ours.

Additional references concerning Fibonacci
numbers and the golden ratio can be
found in [1].
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